On the problem of fitting many-body potentials. I. The minimal maximum error scheme and the paradigm of metal systems J. Chem. Phys. 110, 8899 (1999) Inspired by the ab initio generalized-valence-bond calculations of small metal clusters, we propose a phenomenological many-body interaction model, the interstitial electron model (IEM), for interactions of ions and electrons in metals. In this model, the valence electrons are treated as classical particles situated at the crystal lattice interstitial positions. Simple pair potentials are used for ions and interstitial electrons, allowing the inhomogeneity and anisotropy of electron density distributions to be taken into account phenomenologically. To test the efficacy and applicability of this approach, the IEM is applied to lattice dynamics in fcc metals: Cu, Ni, Ag, Au, Pd, Pt, AI, Ca, Sr, and y-Fe. The phonon dispersion relations, densities of states, and Debye temperature are calculated and found to be in good agreement with experiments. Extension of the IEM to the construction of a new many-body potential in metals and alloys is discussed.
Phenomenological many-body potentials from the interstitial electron model. I. Dynamic properties of metals
accepted 28 January 1993) Inspired by the ab initio generalized-valence-bond calculations of small metal clusters, we propose a phenomenological many-body interaction model, the interstitial electron model (IEM), for interactions of ions and electrons in metals. In this model, the valence electrons are treated as classical particles situated at the crystal lattice interstitial positions. Simple pair potentials are used for ions and interstitial electrons, allowing the inhomogeneity and anisotropy of electron density distributions to be taken into account phenomenologically. To test the efficacy and applicability of this approach, the IEM is applied to lattice dynamics in fcc metals: Cu, Ni, Ag, Au, Pd, Pt, AI, Ca, Sr, and y-Fe. The phonon dispersion relations, densities of states, and Debye temperature are calculated and found to be in good agreement with experiments. Extension of the IEM to the construction of a new many-body potential in metals and alloys is discussed.
I. INTRODUCTION
Although pairwise interatomic interactions are still widely used in theories and simulations of condensed matter, much attention has been paid to incorporating manybody electron effects into an empirical interatomic potential.
1 More specifically, the handling of the inhomogeneity and anisotropy in the electron density distribution is the center of interest. The simplest approach is to add to the pair potentiae,3 a crystal volume dependent energy term which arises mainly from the density dependent electron kinetic energy. However, the introduction of such a volume dependent energy, or homogeneous electron density dependent energy, usually leads to the so called compressibility paradox: the compressibility derived from the long wave limit is not the same as that derived from homogeneous deformation. Moreover, the volume dependent pair potential is not, in general, suited for the study of problems that do not involve volume change (such as shear deformation, internal distortions, or cracking, etc.). The embedded atom method (EAM)4 has overcome this difficulty by including in the interatomic potential an inhomogeneous electron density dependent embedding energy deduced from density functional theory. 5 However, the assumption in the EAM that the electron density is spherically symmetric or isotropic has been found to lead to a contradiction 6 in hcp metals where the derived Cauchy discrepancy, C 12 -C 66 , has a sign opposite to that of the Cauchy discrepancy obtained from experiments. This happens in hcp metals that have the largest deviations from the ideal c/a neglecting the anisotropy of electron density distributions in these metals. For instance, it has been observed both theoretically and experimentally that the electron density of hcp Be is not homogeneous and accumulates at the tetrahedral interstices along the c axis. 7 ,8 Thus, an angular dependent embedding energy function is needed in the EAM to take into account the anisotropic electron density distributions in the hcp metals.
Inspired by the results from ab initio generalizedvalence-bond (G VB) calculations of small metal clusters,
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we recently proposed a phenomenological interstitial electron model (IEM) to take into account the electron degrees of freedom in lattice dynamics.
1O GVB calculations on clusters have shown that the electrons concentrate primarily at tetrahedral interstitial positions. Figure 1 shows the GVB orbitals of an fcc Lilt cluster. The contour plots of the GVB orbitals or electron densities at different cross sections in the fcc structure show that the electrons accumulate primarily at the tetrahedral interstitial positions. In this GVB description, half the tetrahedra have two electrons and half have one (for a total of 12 electrons). These tetrahedra alternate so that the neighbors to a site with two electrons only have one electron. The full wave function is then a resonance of the configuration in Fig. 1 with one where the occupations are all interchanged.
. Such an inhomogeneous and anisotropic charge distribution at the interstices in metals has been found in Li, II Be, 7 Rh, and Pd 12 in electronic band structure calculations and subsequently observed experimentally in bulk Be. 8 The localization of the electrons at the lattice interstices suggests that the electron degrees of freedom can be treated explicitly, and thus an empirical many-body interaction potential can be constructed to handle the inhomogeneity and anisotropy of the valence electron density distributions in metals and alloys. In the IEMIO the electron density distribution at each interstice is replaced by a classical particle with a finite size and finite or zero mass sitting at
.f~ ,.~; ~I ~ .. comparison of the predicted lattice dynamic results with those measured from experiments could provide a necessary test for the efficacy and applicability of the IEM. Second, only a minimum amount of work is needed to apply the IEM to lattice dynamics in order to check its performance because the exact forms of the interaction potentials are not required: it is the various derivatives of the potentials that are actually used in the lattice dynamics studies.
In order to facilitate the testing of the IEM, further simplifications were made to minimize the number of free parameters. First, nearest-neighbor interactions are used and the longer ranged interactions, including Coulomb interactions, are neglected. Since pair potentials are used, the IEM reduces to a central force constant model (for the ions and electrons). Any increase in the interaction range increases the number of free parameters drastically (this becomes clear in the next section). Second, fcc metals rather than bcc or hcp metals, are considered, because the fcc structure has the least number of tetrahedral interstices and thus, the least number of interstitial electrons per unit cell. Furthermore, the superposition of the sublattice of interstitial electrons on the fcc structure adds only a tetrahedral point group to the overall symmetry. Therefore, the symmetry group of the composite system has a greatly reduced number of independent free parameters. In contrast, the bcc and hcp composite structures have larger numbers of lattice particles and lower bond symmetry groups, making it very complicated and almost impossible to get analytical results. Finally, the electron mass is assumed to be zero, which is equivalent to a BornOppenheimer approximation. All these approximations can be relaxed straightforwardly for numerical calculations (as will be shown in future publications). In this paper, the simplified model is studied analytically in order to demonstrate the applicability and efficacy of the IBM.
In the following section, we describe the IEM in detail. We present elastic properties derived from the IEM in Sec. III, the fitting procedure for the IEM model in Sec. IV, and the calculated phonon dispersion curves, densities of states, and the Debye temperature in Sec. V. Finally, the validity and universality of the IEM is briefly discussed.
II. THE INTERSTITIAL ELECTRON MODEL
The Hamiltonian for the composite system with ions and interstitial electrons is written as (1) where the SUbscripts i and e refer to the ions and electrons; R denotes the ion positions, and r denotes the positions of the interstitial electrons centered at the interstitial tetrahedra; T j and Te are the kinetic energies of the ions and electrons in the system and Vjj(R), Vie(r,R) , and Vee(r) are the potential energies from the ion-ion, ion-electron, and electron-electron interactions. In the IEM, the potential energies are expressed as the summations of the phenomenological pairwise interactions,
and
where r(~) or (~) specifies the position of the kth particle situated in the lth cell. The separation of two particles at
(k) and (k') IS expressed as r(kk') or (kk')· tPii' tPie' and tPee are the pairwise ion-ion, ion-electron, and electronelectron interactions. In this work, the summation extends to the nearest neighbors only. The interstitial electrons in the IEM sit at the centers of the tetrahedral interstitial sites. For an fcc structure, there are a total of eight tetrahedra (12 in both bcc and hcp structures) per unit cell located at positions such as [i i H, etc. They form a simple cubic sublattice in the composite system. However, the nearest neighbor ion-electron bond has a tetrahedral symmetry. The unit cell of this composite structure has one ion at [000] and two interstitial electrons at [i i H and [~~ ~], the fluorite structure. Each such interstitial electron represents half the number of delocalized valence electrons from each atom. Thus for Cu(3d) 10( 4s) 1 atoms each interstitial electron represents half an electron. A GVB calculation of Cu metal would lead to full electrons at each tetrahedron site and those would go at alternate sites (as in zinc blend or GaAs). The full wave function would be a resonance of these two zinc blend configurations. The classical IEM description then uses half an electron at each site. In addition to the fluorite structure we also considered an alternative configuration which has the interstitial electrons sit at alternate tetrahedral interstitial positions. This leads to a unit cell with one ion at [000] and one interstitial electron at [i i i], the zinc blend structure.
In the IEM, metals and alloys have the ions and interstitial electrons as the basic constituents. The latter is superposed on the ion structures, or the atom structures as in the conventional atom-centered schemes. Such a composite system is equivalent to a "compound" composed of two different kinds of particles occupying two different sublattices. For convenience, in the following sections we will use the terms fluorite (three particles per unit cell) and zinc blend (two particles per unit cell) in referring to the two interstitial electron configurations.
The equations of motion for the lattice particles in the composite system can be easily derived within the harmonic approximation from Eq. (I),
where up(~) and iia(~) are the Cartesian components of the displacements of the kth particle and its second derivative with respect to time. <P ap( ~~,) is used as a collective symbol for the force constant matrix with components (6) etc. and xa(~)is the Cartesian component of the particle position (~) at equilibrium. For pair interactions, Eq. (6) becomes (7) Equation (7) suggests that the derivatives tP'(~~,) and
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tP"(kk') can be used as free parameters for lattice dynamics. The number of such parameters increases with increasing number of neighbors included in the interaction. Since there are three types of potentials, there are a total of six free parameters for the nearest-neighbor interactions. For convenience, force constants are used rather than the potential derivatives. The symmetry group of the composite structure greatly reduces the number of components of the force constant matrices. It can be shown (see Ref. 10 for details) that the number of nonzero components of the force constant matrices <P ap( ~~,) for the nearest-neighbor pairwise potentials exactly matches the number of the potential derivatives. These independent force constants are listed as follows: 
_1<I>2i(~~)=-~cp~e, (fluorite)
. where a, y, J.t, it, S, and p are the independent components of the force constants. a is the lattice parameter. k=O, 1, and 2 refer to the ion and interstitial electrons in the unit cell, respectively. For the zinc blend structure, there are two lattice particles, so k = 0, 1. The fluorite structure has three lattice particles, k=O, 1, 2. Fourier transformation of Eq. (5) gives the equations of motion for ions and interstitial electrons in the unit cell
where q is the wave vector, cu(q) is the vibration frequency, and M k is the mass of the lattice particle k in the unit cell. DafJ are the corresponding dynamic matrices. For the fluorite structure, Eq. (9) can be written explicitly as
The left hand sides of Eqs. (lOb) and (10c) are zero (M l =M 2 =0, in the Born-Oppenheimer approximation), so the electron coordinates u(ql) and u(q2) can be expressed in terms of the ion coordinates u ( qO) from the last two equations. Substituting the electron coordinates into Eq. (lOa), leads to the equation of motion for the ion. Thus, (11 ) where D~Jal is the dynamic matrix for ions with the electron-electron and electron-ion interactions taken into account. Its general form can be written as
The summation convention is used here for the repeated indices, a, /3, y, etc. k denotes the ions and s denotes electrons. The Dee is a 3 X 3 matrix for the zinc blend structure and 6 X 6 matrix for the fluorite structure. For bcc metals, there are a total of 12 tetrahedral interstices, or 6 interstitial electrons per unit cell. So the corresponding Dee is an 18 X 18 matrix, too tedious to solve analytically. Phonon dispersions cu(q) are obtained by solving the secular equation,
III. ELASTIC PROPERTIES
In the long wavelength limit, the elastic properties can be derived from the lattice dynamics equation (11). The three elastic constants C ll , C 12 , and C 44 for fcc metals are expressed through the force constants, 
for the zinc blend structure.
The above results directly lead to a relation between C 12 and C 44 at equilibrium, (18) If the particle interactions are pairwise and every particle is at the center of inversion, then C 12 -C 44 =0, which is the Cauchy relation.
14 Except for a few crystals with the sodium chloride structure, the Cauchy relations are seldom obeyed. This discrepancy shows the necessity of nonpairwise interatomic interactions arising from the inhomogeneous and anisotropic electron density distributions. Equation (18) shows that the Cauchy discrepancy is related to ion-electron interactions in the zinc blend structure and to the ion-electron and electron-electron interactions in the fluorite structure. We should point out that in the IEM, the anisotropy of the electron density distribution is expressed by the arrangement of the interstitial electrons in the anisotropic tetrahedral interstices. The nonpairwise interactions between ions or atoms are mediated from the electron-ion and electron-electron interactions.
IV. PARAMETERS FOR IEM
The IEM is a phenomenological model which uses the first and second derivatives of nearest-neighbor pair interparticle interactions as the free parameters. In order to calculate other static and dynamic properties, these free parameters have to be determined. The six parameters are related to the force constants a, y, /L, it, 0, and p, which are directly related to the experimentally measured quantities. The force constants can be determined using the measured elastic constants, lattice constants, and two vibration frequencies at the zone boundary X, which are given by (20) for the fluorite structure and for the zinc blend structure. The six experimental input data used in determining the six free parameters are listed in Table I . [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] Because of the simplifications discussed above, Eqs. (14)- (17) and (19)- (22) can be solved analytically to obtain the six force constants for the two interstitial electron configurations. For the fluorite structure, a cubic equation in p is solved and three sets of real solutions are obtained. But only one set of the force constants is acceptable, the other two give imaginary phonon dispersions.
For the zinc blend structure, a quadratic equation in p needs to be solved to get solutions for other force constants. Two solutions were obtained for Cu, Ni, and AI. The phonon dispersions calculated using these two sets of parameters are almost identical. For Ca, Sr, and y-Fe, there is only one solution which gives real phonon dispersions. For Au, Ag, Pd, and Pt, there is no solution. However, for the metals with the zinc blend structure which have solutions, the longitudinal and T2 transverse branches of the phonon dispersions along the [110] direction show no crossing and their polarization vectors show a dependence on the wave vectors. The reason for these incorrect results is the nonsymmetric assignment of the interstitial electrons. There is only one interstitial electron per unit cell in the zinc blend structure, so the second term of the D tot has a nonzero imaginary part resulting from the electron vibrations. In the fluorite structure, the imaginary part is canceled because the two interstitial electrons contribute the same imaginary parts, but with opposite signs (they vibrate with the same magnitUde and opposite phases). So, the zinc blend structure is not a desirable configuration for lattice dynamics.
In Table II [(a) and (b)], the force constants are listed for Cu, AI, Ca, and Sr with the fluorite and zinc blend structures, respectively. Since the two sets of force constants of Cu, Ni, and Al with the zinc blend structure give identical phonon dispersions, only one set is listed in Table  II Service of AlP .27 Interested readers can obtain these results from there.
v. LATTICE DYNAMICS
In the traditional Born-von Karman method, the second derivatives of the potential energy with respect to the atom displacements are used as empirical parameters in the study of lattice dynamics. A satisfactory fit of experimental phonon dispersions by this method usually needs many such parameters, making the interaction range of the interatomic potentials extremely long. It is not desirable to have long range interatomic interactions. The physical meaning of an interatomic potential having five to ten nearest neighbors becomes questionable. Microscopic theories, on the other hand, are able to provide detailed understanding of lattice vibrations by explicitly including the electrons, but their complicated formalisms usually make it very difficult to calculate the phonon dispersions and thermophysical properties. For instance, the recently developed frozen-phonon method 28 could handle transition metals, but complications in computing the total energies make the calculated phonon dispersions available only at the wave vectors commensurate with the ion displacements. It would, therefore, be desirable to have lattice dynamics models which, on one hand, have a simple formalism for the numerical calculations and, on the other hand, still retain the important many-body effects. There are a growing number of such lattice dynamics models, for example, the shell model 29 for ionic solids and the adiabatic bond charge model 3o for covalent bond solids, the thirdorder perturbation method 31 for transition metals, and so on. The IEM bears the same key feature as these models: the valence electrons are treated as fictitious classical particles and the interatomic or interion interactions are modulated by the presence of these electrons. The vibration spectra, densities of states, and Debye temperature are calculated using IEM and presented as follows. The phonon dispersion curves were calculated for fcc metals Cu, Ni, Ag, Au, Pd, Pt, AI, Ca, Sr, and y-Fe using the parameters for the fluorite structure. Figures 2-5 show only the phonon dispersions of Cu, AI, Ca, and Sr. The dots are the corresponding phonon dispersions from neutron scattering experiments.
I 6-26 Along the three high symmetry directions the phonon dispersions agree with experiments almost within experimental error, except for the transverse branch in the [111] direction for Pd, Pt, and Au, and the longitudinal branch for y-Fe, which has an obvious softening at zone boundary L at high temperature. For Ca and Sr, the phonon dispersion curves are in good agreement with experiment except for the [111] longitudinal branch in Ca. The best fit is for transition metals. In general, the IEM gives good predictions of the phonon dispersion relations for all ten fcc metals (alkaline earth metals, simple metal, and transition metals). A similar quality fit N .r= t:.. using the traditional force constant model in the atomcentered scheme, would need at least eight sets of nearest neighbors.
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The off-symmetry phonon dispersions of Cu are calculated and can be obtained from the Physics Auxiliary Publication Service. It was found 33 that using atom-centered pair potential models with force constants obtained by fitting experimental phonon dispersion curves along the high symmetry directions, the lattice dynamics do not necessarily predict the vibration frequencies in off-symmetry directions. Using the IEM, we find that the calculated phonon frequencies in the off-symmetry directions agree with the measured ones very well.
To calculate other thermophysical properties, one needs to know the phonon densities of states. The densities of states were computed for all fcc metals and displayed in Figs. 6-9 for Cu, AI, Ca, and Sr. Figure 10 shows the calculated Debye temperature for Cu, using the calculated density of states in Despite these good results with !EM, it remains to be shown that the !EM is capable of treating the many-body effects (phonon dispersions in fcc metals are quite simple). A more stringent test was conducted recently by Schultz and MessmerY Using the IEM, they successfully fit the phonon dispersions in the intermetallic compound Ni3Al with as few as 12 parameters. Their results demonstrate that the IEM is able to predict dynamic properties of complicated systems, Further tests still need to be done to check effects on dynamic properties of not only different structures such as bcc and hcp, but also long range interactions ignored in the present simple model.
VI. CONCLUSIONS
We have proposed and tested the interstitial electron model for lattice dynamics .in metals. This model is inspired by results from calculations of small metal clusters using the ab initio generalized-valence-bond method. We calculated the phonon dispersions, densities of states, and Debye temperature for most fcc metals in the periodic table. The results are quite encouraging. However, since the specific form of the IEM used here is oversimplified (only ~--tron distribution to the interatomic interaction, as demonstrated by the IEM, will motivate further investigations along this direction. nearest-neighbor terms), these results merely demonstrate the applicability of IBM. Extending this model to use long range interactions is straightforward. Because the key assumption that the electrons are localized at the lattice interstitial sites is based on results from small cluster calculations, it remains uncertain whether the IEM is able to predict bulk properties and whether it can be generalized to other metals and alloys. To judge its validity and universality would require ab initio calculations using correlated wave functions on very large, bulklike systems. Nevertheless, other theoretical or experimental approaches have provided some interesting results that support the assumption of localization of valence electrons in lattice interstices. For instance, band structure caIcuiations 7 ,9,12 and x-ray measurements 8 indicate that the electron accumulation at the tetrahedral interstices is not an artifact arising from the small cluster size effect or reSUlting from a particular technique used, but a natural consequence of electron many-body interactions. Unfortunately, real space distributions of the electron density are often not available from experiment. We hope that the importance of the anisotropic and inhomogeneous elec- In order to determine whether the IEM can predict other bulk properties, further tests are necessary. Like any other empirical interatomic interaction, the IEM is a phenomenological model. Its merits are based on simplicity and the ability to predict a variety of physical properties. It will be useful to apply it to realistic problems such as the above-mentioned Cauchy discrepancy in hcp metals, surface structures, transport properties, structures of defects, and so on. This work is in progress.
